Kahler-Einstein metrics on Fano manifolds, II: 
limits with cone angle less than 2n. 

Xiuxiong Chen, Simon Donaldson and Song Sun* 
December 20, 2012 

1 Introduction 



This is the second of a series of three papers which provide proofs of results 
announced in [8]. We review the background briefly but refer the reader also 
to the introduction to [3]. Let X be a Fano manifold of complex dimension 
n. Let A > be an integer and D be a smooth divisor in the linear system 
| — \Kx\- (For purely expository purposes, we allow the case when A = 0, in 
which case D is the empty set.) For (3 £ (0, 1] we consider a Kahler-Einstein 
metric u) with a cone angle 27T/3 along D. To be precise, we take this to mean 
that when j3 < 1 the metric is defined by a potential in the class C 2,a '" defined 
in [10] . for all a < — 1. We recall this definition in a little more detail 
in Section 3.2 below. Once we have a metric of this type, higher regularity 
results have been given by Jeffres, Mazzeo and Rubinstein in [13]; but for our 
purposes we do not need to use those results. When j3 = 1 we mean that the 
metric is a smooth Kahler-Einstein metric in the usual sense, but in the present 
paper we always consider j3 < 1. The Ricci curvature of such a Kahler-Einstein 
metric u>, with cone singularities, is (1 — A(l — P))uj. For our purposes here we 
can suppose that /? > 1 — A -1 so that uj has strictly positive Ricci curvature. 
The point of this paper is to study the convergence properties of sequences of 
such metrics. Thus we consider a sequence of triples (Xi, Di,uji) with fixed A 
and fixed Hilbert polynomial x(X, Kx P ) an d a sequence of cone angles fli with 
limit /3oo. (For our main application we can take (Xj, Di) = (X, D), so only the 
cone angle varies, but even in that case it becomes notationally easier to write 
(Xi, Di).) We will also usually denote the positive line bundle K x x by L, partly 
to streamline notation and partly because many of our results would apply to 
more general polarised manifolds. In this paper we consider the case when the 
limit /3oo is strictly less than 1. In the sequel we will consider the case when 
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fioc = 1 and also explain, in more detail than in [5] , how our results lead to the 
main theorem announced there. 

To state our main result we need to recall some theory of Kahler-Einstein 
metrics on singular varieties. A general reference for this is [T2]. If W is a 
normal variety we write K\y for the canonical line bundle over the smooth part 
W of W. 

Definition 1 A Q-Fano variety is a normal projective variety W which 

• is Q-Gorenstein, so some power extends to a line bundle over W ; 

• for some multiple m of mo, is embedded in projective space by sections of 

• has Kawamata log terminal (KLT) singularities. 

(For theoretical purposes we do not need to distinguish between m and mo, 
but in reality one expects that mo can often be taken substantially smaller than 
m.) 

Definition 2 Let W C CP^ be a Q-Fano variety as above, embedded by sec- 
tions of K^T 1 . A Kdhler metric on W in the class c\ is a Kdhler metric uj on 
the smooth part Wo of W which has the form m~ 1 u!ps + idd(f> where lufs is 
the restriction of the Fubini-Study metric and 4> is a continuous function on W , 
smooth on Wo- 

Another way of expressing this uses metrics on line bundles. We get a 
reference metric on the line bundle K^J a from the identification with 
This gives a reference metric ho on over Wo and a Kahler form w is defined 
by a metric h = e~^ho on KZr . Thus we will often write to — ujh- Of course 
we could change h by a non-zero multiple without changing Uh- We say that 
a metric h on the line bundle over Wo is continuous on W if the induced 
metric on K^ 71 extends continuously to W. 

A metric h on defines a volume form Qh on Wo', if a is an element 

of the fibre over a point with \a\ = 1 then the volume form at that point is 
(a A a)- 1 . 

Definition 3 Let W be a Q-Fano variety and Uh be a Kdhler metric on W in 
the class C\. The metric is Kahler-Einstein if 

^ = ^ (1) 

on the smooth set Wo C W . 

Now fix A > as above. Let s be a section of the line bundle K^ x over Wo 
such that 

• if A = 0, the section s is a non-zero constant; 

• if A > 0, the power s m extends to non-trivial holomorphic section of K^" x 
over W. 
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Let Ao be the divisor in Wq defined by s (so Ao = if A = 0) , and let A be the 
closure of A in W. Thus A is a Weil divisor in W. For f3 € (0, 1) we have an 
R-divisor (f - /3)A. 

Definition 4 The pair (W, (I — /3)A) is KLT if for each point w e W there is 
a neighbourhood Uofw,a positive integer m, and a non-vanishing holomorphic 
section a of K^J 71 over U fl Wq such that 



where h is any continuous metric on K w . 

Definition 5 Let W be a Q-Fcmo variety and let A be a Weil divisor defined 
by a section s as above such that (W, (1 — /3)A) is KLT for some P G (0,f). 
A weak conical Kahler- Einstein metric for the triple (W, A, j5) is a metric h on 
which extends continuously to W , which is smooth on Wq \ suppA and 
which satisfies the equation 



on Wo \ suppA . 

It would be more precise to say that (2) is an equation for the metric h 
determined by /? and the section s; however s is determined by A up to a non- 
zero constant multiple. Given A, we can normalise s and the metric h, taking 
non-zero multiples, by requiring that the L 2 norm of s (computed using h and 
the volume form (n!) _1 cj^) is 1. 

With these definitions fixed we can state our main result. 

Theorem 1 Let Xi be a sequence of n-dimensional Fano manifolds with fixed 
Hilbert polynomial. Let Di C Xi be smooth divisors in \ — \Kx t \ , for fixed 
A > 0. If A > let Pi € (0, 1) be a sequence converging to a limit with 
1 — A -1 < Poo < 1. Suppose that there are Kahler- Einstein metrics u>i on Xi 
with cone angle 2k Pi along Di. Then there is a Q-Fano variety W and a Weil 
divisor A in W such that 



2. there is a weak conical Kahler- Einstein metric u for the triple (W, A, Poo); 

3. possibly after passing to a subsequence, there are embeddings Ti : Xi — > 
CP N , Too ■ W — > CP N , defined by the complete linear systems \ —mKxi\ 
and | — mKw\ respectively (for a suitable m), such that Ti(Xi) converge 
to Too(W) as projective varieties and Ti(Di) converge to A as algebraic 
cycles. 




< oo, 



< = to h \s\« 



2(0-1) 



(2) 



1. {W, (1 - Poo)A) is KLT; 
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The statement of Theorem 1 is designed to give exactly what we need for the 
main argument outlined in [8 ]; no more and no less. One would like to have 
more information about the singularities of the limiting metric at points of A. 
This seems quite complicated when the divisor has components of multiplicity 
greater than 1 and we leave a discussion for a later paper. When there are no 
such components then, at smooth points of A, we do have complete results. In 
particular we have 

Theorem 2 With the same hypotheses as in Theorem 1, suppose also that W is 
smooth and A C W is a smooth divisor. Then the metric u) is a Kahler- Einstein 
metric with cone angle 2-kPoo along A. 

We now outline the strategy of proof of Theorem 1. By the results of [9] 
we can approximate each metric u>i arbitrarily closely in Gromov-Hausdorff dis- 
tance by smooth Kahler metrics with Ricci curvature bounded below by fixed 
strictly positive number. Since the volume is fixed (as the leading term in the 
Hilbcrt polynomial) the metrics satisfy a fixed volume non-collapsing bound. 
This means that we can transfer all of the Cheeger-Colding theory of non- 
collapsed limits of metrics of positive Ricci curvature to our situation. So, 
perhaps taking a subsequence, we can suppose that the X% have a Gromov- 
Hausdorff limit Z. (We usually just write X% for (Xi,0Ji) or, more precisely, 
the metric space defined by Wj.) The essential problem is to give Z a com- 
plex algebraic structure, in the sense of constructing a normal variety W and 
a homeomorphism h : Z — >• W. Then we have to show that W is Q-Fano, and 
that the Gromov-Hausdorff convergence can be mirrored by algebro-geometric 
convergence in the sense stated in Theorem 1. We also have to show that there 
is a limiting metric on W which satisfies the appropriate weak Kahler-Einstein 
equation. In the case when A = 0, so the divisors do not enter the picture at all, 
this is what was done in except for the last statement about the limiting 
metric (which is not difficult). So Theorem 1 is essentially established in [11] 
for the case when A = 0. Of course the real case of interest for us now is when 
A > 0, and what we have to do is to adapt the arguments in [TT] to take account 
of the divisors. The main work takes place in Section 2, establishing that all 
tangent cones to Z are "good". In Section 3.1 we put together the proof of 
Theorem 1. Theorem 2 is proved in subsection (3.2). 

2 Structure of Gromov-Hausdorff limits 
2.1 Preliminaries 

We collect some facts which apply to rather general length spaces and which 
will be important to us. We expect that these are entirely standard results for 
experts. 



4 



Let P be a p-dimensional length space which is either the based Gromov- 
Hausdorff limit of a non-collapsed sequence of manifolds with Ricci curvature 
bounded below, or the cross-section of a tangent cone of a limit of such a se- 
quence. Let A be a compact subset of P. Define a subset A4a of (0,oo) as 
follows. A number C is in Ma if for all e > there is a cover of A by at most 
Ce 2 ~ p balls centred at points of A. Define the (codimension 2) Minkowski mea- 
sure m{A) to the the infimum of Ma, with the understanding that m{A) = oo 
if Ma is empty. Next we say that A has capacity zero if for all 77 > there is 
a Lipschitz function <?, equal to 1 on a neighbourhood of A, supported on the 
77-neighbourhood of A and with ||Vp||x,2 < r\. 

Remarks 

• The terminology "Minkowski measure" , "capacity" is provisional since 
the definitions may not exactly match up with standard ones in the liter- 
ature. Since we only ever use the codimension 2 case we just talk about 
Minkowski measure hereafter. 

• In many of our applications the space P will be a smooth Riemannian 
manifold outside A and the meaning of ||Vp||i2 is clear. In the general 
case this quantity can be defined by the theory in [7] 

Proposition 1 If m(A) is finite then A has capacity zero. 

To prove this, recall first that in this setting the volumes of r-balls in P are 
bounded above and below by multiples of r p . Thus the definition of Minkoski 
measure implies that the volume of the r-neighbourhood of A is bounded by 
Cr 2 for some fixed C. For S > 0, Q > 1 define a function fs.Q on [0, 00) by 

• fs, Q (t) = 0if0<t<5; 

• fs, Q (t)=log(t/5) ii5<t<Q8- 
. fs, Q (t) = logQiit>Q5. 

Then \f'$ tQ (t)\ < min(t-\ S^ 1 ). Let D A : P -> [0,oo) be the distance to 
A and / = fs.q ° D A . So |V/| < min(L)^ 1 , S^ 1 ). Let S be the distribution 
function of |V/| 2 — so S(X) is the volume of the set where |V/| 2 > A. Thus 
5(A) is bounded by the volume of the A _1 / 2 -neighbourhood of A and so by 
CA _1 . Also 5(A) vanishes for A > S~ 2 and for all A, 5(A) is bounded by the 
volume of the QS neighbourhood of A, and so by CQ 2 S 2 . By the co-area formula 
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Now 5(A) < min(CQ 



,2 8 2 , CX x ) and we get 
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Now set g — (logQ) 1 (logQ — /). So g = 1 on the 8- neighbourhood of A and 
vanishes outside the (^-neighbourhood. We have 



Given n > we first make Q so large that the right hand side in this formula 
is less than rj 1 and then choose <5 so small that QS < n. This gives the desired 
function. 

We also record here: 

Proposition 2 Suppose that A is closed and has Hausdorff dimension strictly 
less than p — 2. Then A has capacity zero. 

This is proved in [TT] . 

Beyond Proposition 1, another general reason for considering the notion of 
"Minkowski measure" is that it behaves well with respect to Gromov-Hausdorff 
limits. Suppose we have metric spaces Xi with Gromov-Hausdorff limit Z and 
suppose given any subsets A; C Xi. We fix distance functions di on X; U 2, 
as in the definition of Gromov-Hausdorff convergence. Then we can define a 
"limit" C Z as the set of points z € Z such that there are a% G A.- L with 
di(ai, z) — > 0. However, without further information, we cannot say much about 
it. In particular the notion does not behave well with respect to Hausdorff 
measure. For example we could take A, t to be finite and such that, even if we 
pass to any subsequence, Aoo is the whole of Z. On the other hand, if we know 
that Ai have bounded Minkowski measure, with a fixed bound, m(A) < M 
then it is straightforward to prove that (after taking a subsequence) the same is 
true in the limit. In particular the limit has Hausdorff codimension at least 2. 

2.2 Generalities on Gromov-Hausdorff limits 

As in Section 1, we consider a sequence of Kahler-Einstein metrics on Xi 
with cone angle 2-7r/3i along Di where ft tends to ftx, < 1 and we suppose that 
these have a Gromov-Hausdorff limit Z. For convenience fix /3_ > and f3 + < 1 
so that (3- < fii < /3+ for all i. We can apply the deeper results of Cheeger and 
Colding to the structure of the limit space Z. Thus we have a notion of tangent 
cones at points of Z (not a priori unique) and we can write Z = R U S where 
R (the regular set) is defined to be the set of points where all tangent cones are 
C™, and S is defined to be Z \ R. We stratify the singular set as 



where Sj is defined to be the set of points where no tangent cone splits off a 
factor C™ _:,+1 . The Hausdorff dimension of Sj does not exceed 2(n — j). (Our 
labelling of the strata differs from what is standard in the literature, first because 
we use co-dimension rather than dimension and second because in this Kahlcr 
situation we can restrict to even dimensions.) We can suppose that we have 
chosen fixed metrics di on Xi U Z realising the Gromov-Hausdorff convergence. 




S — S\ D 5*2 3 5*3 . . . 
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Proposition 3 The set R C Z is open and the limiting metric induces a smooth 
Kdhler- Einstein metric Woo on R. 

Suppose that q is a point in D t C Xi. Then the limiting volume ratio (as the 
radius tends to 0) at q is clearly /3j < /3+ < 1. By Bishop-Gromov monotonicity 
the volume ratio of any ball centred at q is less than f3 + . Now let p be a point 
of R C Z. By Colding's theorem on volume convergence it follows that there is 
some e > such that di(q,p) > e for all such points q. Thus near q we reduce 
to the standard theory of smooth Kahlcr-Einstein metrics. 

The essential new feature of our case, as compared with the standard theory 
of smooth Kahler-Einstein metrics , is that S^§2- We write T> = S \ S% so by 
definition a point is in V if it has a tangent cone which splits off C n_1 but not 
C n . Such a tangent cone must have the form C 7 x C n_1 where < 7 < 1 and 
C 7 denotes the standard flat cone of angle 2^7. 

Proposition 4 1. Suppose a point p £ T> has a tangent cone C 7 x C™^ 1 
and a tangent cone Cy x C™ . Then 7 = 7'. 

2. There is a 70 G (0, 1), depending only on the volume non-collapsing con- 
stant of (Xi,u>i), such that if a point in D has tangent cone C 7 x C" _1 
then 7 > 7o- 

These follow immediately from volume monotonicity, somewhat similar to 
Proposition 3. (In the second item recall that, as discussed in the Introduction, 
the metrics do satisfy a fixed volume non-collapsing condition.) 

All of the above discussion applies equally well to scaled limits. Thus, sup- 
pose we have a sequence — > 00 and base points pi G Xi. Then (taking a 
subsequence) we have a based Gromov-Hausdorff limit Z' of (Xi,rfwj,pj) and 
the structure of the singular set of Z 1 is just as described above. In particular we 
can apply this to tangent cones and iterated tangent cones of Z. Such a tangent 
cone has the form C(Y) where Y is a (2n — l)-dimensional length space which 
has a smooth Sasaki-Einstein structure on an open set Ry- the complement of 
R has (real) Hausdorff codimension at least 2 and can be written as a disjoint 
union Vy U S^.r where S2,y has (real) Hausdorff codimension at least 4 and 
points of Vy have tangent cones C 7 x R x C™~ 2 . 

2.3 Review 

In this subsection we assume knowledge of the main construction in , Section 
3. Let Z be a Gromov-Hausdorff limit of (Xj, cjj), as above, and let p be a point 
in Z. Let C(Y) be a tangent cone of Z at p. 

Definition 6 We say that C(Y) is a good tangent cone if the singular set Sy C 
Y has capacity zero. 
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Now one of the main points in the argument of [TT] is 

Proposition 5 IfT>y is empty then C(Y) is a good tangent cone. 

This follows from Proposition 2, since if T>y is empty the singular set has Haus- 
dorff codimension > 4. Of course by Proposition 1 we have: 

Proposition 6 If the singular set Sy has finite Minkowski measure then C(Y) 
is a good tangent cone. 

Now we have: 

Proposition 7 Let p be a point in a limit space Z as above and suppose that 
there is a good tangent cone of Z at p. Then there are b(p),r(p) > and 
an integer k(j>) with the following effect. Suppose (Xi, Di,u>i) is a sequence of 
Kahler- Einstein metrics with cone singularities and cone angles fii — ¥ (3^ < 1 
then there is a k < k(p) such that for sufficiently large i there is a holomorphic 
section s of L k —> Xi, with I? norm 1 and with \s(x)\ > b(p) for all points 
x G Xi with di(x,p) < r(p). 

This statement is chosen to be exactly parallel to that of Theorem 3.2 in 
[TTj (except for trivial changes of language) and the proof is almost exactly the 
same. That is, the only facts from the convergence theory that are needed for 
that proof are that the convergence is in C°° on the regular set and that the 
singular set in Y has capacity zero. The other point to note occurs in the C° and 
C 1 estimates for holomorphic sections (Proposition 2.1 in 11 ). These can be 
obtained by approximating by metrics with positive Ricci curvature, or directly 
by working with the singular metrics and checking "boundary terms" . The 
crucial point is that in the relevant Bochner-Weitzenbock formulae the Ricci 
curvature enters with the favourable sign. 

This gives the background to state our main technical result of this section: 

Theorem 3 With Z as above, all tangent cones are good. 

Our proof of this will require some work and on the way we will establish a 
variety of other useful statements. 

2.4 Gaussian sections 

We now want to refine the statement of Proposition 7 , which involves reviewing 
in more detail the constructions in |11) and modifying them slightly. When 
working with the line bundle L k — > Xi it is convenient to use the scaled metric 
ku>i. As in [TT] we use the notation L 2 '" etc. to denote quantities calculated 
using the rescaled metric. Likewise for the distance function d\ on 1, U Z. 

Proposition 8 Suppose that p is a point in Z with a good tangent cone. There 
is a sequence k v — > oo such that the following holds. For any ( > there is 
an i?o > 1; an integer m > 1 and integers t^ v with 1 < ti tV < m such that if 
k = ti :U k u then for large enough i there is a holomorphic section s of L k — > Xi 
with following properties. 
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. I \s(x)\-eM-4(x,p) 2 /4) | < C, if4(x,p) < R Q ; 
. \s(x)\ <C if4(x,p) >R Q ; 
. || a || za ,, < (27r)" + C. 

We begin by recalling the basic strategy. First take a sequence of scalings 
r v — » oo realising the given good tangent cone C(Y) at p. Changing r v by 
bounded factors does not change the tangent cone so we can suppose that r v = 
\fk^ for integers k v . For a point z in the cone C(Y) we use the notation [z] to 
denote the distance to the vertex of the cone. There is a holomorphic section 
do of the trivial line bundle over the smooth part of the cone, with 

|a |=exp(-[z] 2 /4). 

Thus the L 2 norm of oq is (2ir) n / 2 y/ny where Ky < 1 is the volume ratio of 
the cone. For rj' > 0, let Y v i be the complement of the ^'-neighbourhood of the 
singular set in Y and for S << 1 << R let U = U^i^r be the intersection of 
the cone on Y v > with the "annulus" defined by 6 < [z] < R. For suitable choice 
of parameters r/ ,5, R we construct an appropriate cut-off function x of compact 
support on U and equal to 1 on a smaller set Uq C U. Then a = x a o is an 
"approximately holomorphic section" in that 

WMW- < \\(d X ) e- W|2/4 || i2) (3) 

and the right hand side will be chosen small. (In [11] we denoted cut-off functions 
by (3 but that symbol is taken here for the cone angle.) 

We introduce some terminology. For e > we say that a map T : U — > X, is 
an e-Kahler embedding if it is a diffeomorphism onto its image with the properties 
that 

|r*(J<)-^l<e - |r*(fc^)-u;| <e. (4) 

Here J; denotes the complex structure on Xi and J, u) are the standard structures 
on the smooth part of the cone. By the definition of the tangent cone (and 
the smooth convergence on the regular set) we can, for any given e, choose v 
sufficiently large and then i > i(y) so that we have such a map. Further, for 
r > let B v ^(r) C X, be the set of points Xi € Xi with distance cq( x iiP) — r - 
Then we can define distance functions d v j on B v ^(r)U{z : [z] < r} C XiUClY) 
realising the Gromov-Hausdorff convergence in the sense that for any fixed r and 
for any <5 > then for sufficiently large v and for i > i(v) each component is 
5-dense. Then (taking r = 2R say) we can also choose V above such that 

d itV {z,T{z))<e. (5) 

Returning to our outline of the basic strategy, we choose such an e-Kahler 
embedding r = Ti : U — > Xi for a suitable e. A complication now arises 
involving the potential "topological obstruction" from the holonomy of the con- 
nections. This handled in [TT] by the introduction of the factors t% v . We ignore 
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this for the time being, so we suppose that T is covered by a map of line bundles 
F such that 

\T*(Ai)-A\<e (6) 

where A is the preferred connection on the trivial bundle over the regular part 
of C(Y) and is the connection on L k — > X^. With this done, we have a 
transplanted section T*(ct), which we denote by cr", of L k — > with L 2 '* norm 
approximately the same as that of er and with the L 2 " norm of 9cr" small. The 
basic "Hdrmander construction" is to pass to the holomorphic section s = cfi — r 
with t = d A _1 9<t", so that ||r|| £ ,2j < ||9cr'|| i 2,j will be small. Notice here that 
the third condition in Proposition 8 is entirely straightforward. 

Next we recall that we have universal bounds on the C° and C 1 norms of 
holomorphic sections. We take these in local form; for a point q in Xi and a 
holomorphic section s' of L k defined over a ball B of fixed size in the re-scaled 
metric (say the unit ball) centred at q we have 

\s'(q)\<K Q \\s'\\ L 2, t{B) , (7) 

and 

|(Vs')(«?)l<^i||*'IU=i.«(B)- (8) 
The point to emphasise here is that Kq, K\ are "universal" constants, which 
could be computed explicitly in terms of /3{ and the Hilbcrt polynomial. 

With these preliminaries in place we can begin the proof of Proposition 8. 
The argument is entirely elementary, but a little complicated. If written out in 
full the argument involves a large number of computable constants. For clarity,, 
we suppress these and often use a notation such as "<< Kq " , where strictly 
we mean "< some computable constant times Kq 1 " . We emphasise that while 
we have outlined the general scheme of construction above we are keeping the 
parameters R, rf,8,e free and they will be chosen below. 

Step 1 Given h > there is some r](h) < h such that for all y in the singular 
set Sy there is a point y' <G F with d(y, y') < h and such that y' does not lie in 
the 2r;(/i)-neighbourhood of Sy- 

This follows from an elementary argument, using the facts that Sy is closed 
and has empty interior. 

Step 2 Choose R » 1 such that exp(-i?^/4) << Kq 1 ^. We will take 
R > 2R . 

Step 3 In the set up- as described above, with Uo C U the set where \ = 1, it 
is clear that we have a fixed bound on |V<t"| over T(Uq). Using (8), and writing 
t = s — <r" we get a bound of the form 

|Vr| x(t/o) < K 2 . (9) 

Now choose p « (K^ 1 - 
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Step 4 Set h = p/Ro and let 



Vo = V(h), 



with r](h) as in Step 1. 

Step 5 Now we recall that the cut-off function \ will have the form \ = 
Xrt',r, Xs XR where: 

• X-q' .i) is a function on Y (pulled back to the cone in the obvious sense), 
equal to 1 outside the //-neighbourhood of the singular set and to on the 
//-neighbourhood. Given 77, use the definition of a good tangent cone to 
choose such a function so that the L 2 norm of its derivative is less than r\ 
(and with rf = 77' (77) < 77, but otherwise uncontrolled). 

• xs is a standard cut-off function of [z], vanishing for [z] < S and equal to 
1 for [z] > 25. 

• XR is a standard cut-off function of [z] , vanishing for [z] > R and equal to 
1 for [z] < R/2. 

This fixes x, given parameters 77, 5, R: for the moment we have not fixed those 
parameters, but we will take 77 < 770- 

Step 6 Write B(R ) for the set of z £ C(Y) with [z] < R and V(R ) for 
the intersection of the cone on Y Vo with the the annulus 26 < [z] < Rq. Thus, 
under our assumptions, x = 1 in V(Rq)- Now, using Step 4, we can fix do so 
that if S < So then for all z in B(Ro) we can find a z' in V(Ro) such that: 

• The distance between z, z' does not exceed p; 



• The 7j p-ball centred at z' lies in V(Rq). 

Step 7 Let Fo be any function on V(Rq) with \VFq\ < K^. (Here Fo serves 
as a prototype for \t\.) If z' £ V(Ro) is any point as in Step 6 we get, by 
an elementary estimate, that there is a K 3 depending on the already chosen 
numbers C, p, Vo such that if \\F \\ 2 L2 < K^ 1 then \F Q (z')\ < C/10. 

Step 8 Let Fi be any function on B(Rq) with |VFi| < K\. (Here F\ serves 
as a prototype for |s|). Then for any point z £ B(R ) we can find z' as in Step 
6 so we have 



|expHz] 2 /4)-cxp(-[zf/4)|«C; 



\Fi(z) 



F 1 (z')\«( 



(10) 



and also 



|exp(-[z] 2 /4) 



cxp(-[zf/4)|«C 



(11) 
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Step 9 We now finally fix our parameters 5,n,R. We choose 5 < 60,1] < 
rjo,R > 2Rq but also we require that 

ll(Vx)e- [2l2/4 |U 2 « max(2f 3 - 1 ,Jf - 1 C) . (12) 

It is elementary calculation that this is possible (that is, the right hand side 
is a fixed number and we can make the left hand side as small as we please by 
taking 77 and S small and R large). 

Step 10 We are now in much the same position as in the corresponding 
stage of [TT], with the difference that we have set up the background to obtain 
more precise control of the final holomorphic section s. We choose an e-Kahler 
embedding r of U in Xi satisfying (4), (5). Suppose first that we can find a 
lift f as in (6). Then we define as described above. By making e sufficiently 
small we can suppose that, following on from (12) we also have 

||5ff*||ia,i << max^Sif^C) ■ (13) 

At this point we can fix the parameter m. This goes just as in [11] : we need to 
arrange that after dilating by a suitable factor t with 1 < t < m the potential 
topological obstruction arising from holonomy is a small perturbation, so we 
can construct a section satisfying the constraints (13). To simplify exposition, 
assume that in fact t = 1. 

Step 11 For suitably large v and i > i(v) we can suppose that for any point 
x £ Xi with c$(x,p) < Rq there is a point x' in ^(V) with dr(x, x') < 2p and 
such that the ball of radius rjop centred at x' lies in Ti(V). Here V = V(Rq). 
Now we apply the estimates, modelled on the prototypes in (10), (11), to deduce 
that ||s(a?)| - exp(df(x,p) 2 )| < C- 

Step 12 The remaining task is to obtain the estimate \s(x)\ < £ when 
dl(x,p) > Ro- For this we use the C° estimate (7). If x € Xi is such a point 
then the I/ 2 '" norm of a" over the unit ball centred at x is small (compared with 
C) by Step 1. Likewise for the L 2 ^ norm of r by Step 9. Then we obtain the 
conclusion from the C° estimate. 

Note. In our applications below we can take ( to be some fixed small 
number, say 1/100. Then, given p, the number m is fixed. Using a diagonal 
argument and passing to a subsequence we may suppose that all the t„ t i are 
equal and this effectively means that we can ignore this extra complication. 

If we have suitable holomorphic functions on the cone we can construct more 
holomorphic sections. 

Proposition 9 Suppose that p is a point in Z with a good tangent cone and 
that f is a holomorphic function on the regular part of the cone such that for 
some a > 1 and C > we have: 
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• There are smooth functions G± of one positive real variable with \G±(r)\ < 
Cr a ,\G' ± (r)\ <Cr a ~ 1 and 

G.([z])<\f(z)\<G + ([z]). (14) 

• |V/(z)| <C[z] a -\ 

Let k v be the sequence as in Proposition 8. For any Q > we can choose 
Ro,m,ti tL , as in Proposition 8 so that in addition there is a holomorphic section 
Sf of L k — > Xi such that, writing d = d\(x,p) 

• exp(-d 2 /4)G_(d) -( < \s f (x)\ < exp(-d 2 /4)G+(d) + ( ifd<R Q ; 

• <C ifd>Ro; 

• \\s f \\ L 2, t <N + C; 

where N can be computed explicitly from C 7 a. 

While the statement is a little complicated the proof is essentially identical to 
that of Proposition 8, starting with the section xf a o- The Gaussian decay of 
(To dominates the polynomial growth of / and the condition a > 1 means that 
there are no problems at the vertex of the cone. 

For r > we write B$ = B^{p 1 r) C Xi for the set of points x with d^(x,p) < 
r. (For our purposes below one could take r = 3, say.) Given any fixed r then 
clearly if Q is chosen sufficiently small the radius R n in Proposition 8 will be 
much bigger than r and we will have a definite lower bound \s\ > c > for our 
section over BK If then we have a function / as in Proposition 9, we can form 
the quotient f — Sf/s as a holomorphic function over BK This satisfies a fixed 
C 1 bound 

|/|,|V/|<M(C,a,tf ,#i,c) (15) 

for a computable function M. 
We can say more. 

Proposition 10 Let W be any pre-compact open subset of the regular set in 
the ball {[z] < r} in C(Y). For any e, Q > 7 for v sufficiently large and for 
i > i(v) there is an e-Kahler embedding T : W — >• Xi such that \ f — f o T\ < ( 
on W. 

The proof is again essentially the same as Proposition 8. 

Now we consider the extension of all these ideas to scaled limits. So suppose 
that we have a sequence — > oo, base points qi e Xi and that Z' is the based 
limit of (Xi,r 2 uji). There is no loss of generality in supposing r 2 = a i} for 
integers ai. Thus, algebro-geometrically, the scaling corresponds to considering 
line bundles L ai — > Xi. Let di now denote a distance function for the re-scaled 
metrics, realising the Gromov-Hausdorff convergence. Given k we write, as 
before, d\ = fc 1 / 2 ^, and in general as before we add a j} to denote quantities 
calculated in the metric scaled by \fk. The point is that this is additional to 
the scalings we have already made by *Jal. 
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Proposition 11 Suppose that p is a point in Z' with a good tangent cone. 
There is a sequence k v — > oo such that the following holds. For any £ > there 
is an i? > 1, an integer m > 1 and integers ti, v with 1 < < m smc/i i/iai z/ 
fc = ti tV k v then for large enough i there is a holomorphic section s of L aik — > Xj 
suc/i that 

. | |s(x)| -exp(-<2»(x,p) 2 /4) | < C ifd\{x,p) < R; 

. \s(x)\ < ( if dl(x,p) > R; 

• ||s|| L 2,» < (2tt)™ + C. 

This is precisely the same statement as Proposition 8 except that we have Z 1 in 
place of Z and L aik in place of L k . (So we can regard Proposition 8 as a special 
case when all = 1.) The point is that the proof is precisely the same. (It may 
be pedantic to have written out the whole statement but that seems the best 
way to be clear.) Likewise the statements in Propositions 9,10 apply to scaled 
limits, introducing the extra powers a^. 

2.5 Points in V 

Next we focus attention on a point p € T> C Z . By definition this means that 
there is some tangent cone C 7 x C n_1 . This is clearly a good tangent cone 
so the results above apply. We take complex co-ordinates (u,v\, . . . ,v„-i) on 
C 7 x C™ _1 with the metric 

\u\ 2 -<- 2 \du\ 2 +Y,\dv t \ 2 . (16) 
Then if z = (u, v\, . . . , w n -i) we have, in our notation above, 

w 2 = i7r 2 M 27 +EH 2 - ( 17 ) 

Each of the co-ordinate functions u, vi satisfy the hypotheses of Proposition 
9 so we get holomorphic functions u, Vi on BK Now we regard these as the 
components of a map 

F :B S -> C". 

An easy extension of Proposition 9 shows that for any ( > we can suppose 
that 

\[F(x)]-d(x,p)\<(, (18) 

where we regard [ ] as the function on C™ defined by (17). Proposition 10 
implies that for any precompact subset W in the set 

{z = (u, vi, . . . , w„_i) :[z]<r,ii/ 0} 

and any e, £ > we can suppose that there is an e-Kahler embedding r : W — > 
B$ such that 

\FoT(z)-z\<{, 
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for all z in W . (Here, of course, the meaning of "we can suppose that" is that 
we should take v sufficiently large and i > i{v).) 

Now fix r = 3. For points z e C" with \z\ 2 < 1 we have an elementary 
inequality [z] < 2 so if ( < 1/10 we have |/(a;)| > 1 on the boundary of BK Let 
0, = Oj C Xi be the preimage of the open unit ball in C": 

!J = {xe5»cX,: \F(x)\ < 1}. 

The next result is one of the central points in this paper. Later, we will 
develop it further to show that Z has an natural complex manifold structure 
around points of V. 

Proposition 12 For v sufficiently large and i > i(v) the map F is a holomor- 
phic equivalence from C Xi to the unit ball B 2n C C" . 

By construction F : fl — > B 2n is a proper map and so has a well-defined degree. 
The fibres of F are compact analytic subsets but we have constructed a non- 
vanishing section s of L k over fl C B$ so the fibres must be finite. To establish 
the proposition it suffices to show that the degree is 1. By (15) we have a fixed 
bound on the derivative of F over Q , say |VF| < K4. 

Recall that we are making the identification C™ = C 7 x C™ _1 . We write 
dj(z,z') for the distance between points z,z' in the singular metric, not to be 
confused with Euclidean distance \z — z'\. 

Let z be the point (1/2, 0, . . . , 0) e B 2n C C™. The distance, in the singular 
metric, from z to the boundary of B 2n is 7 _1 (1 — (1/2) 7 ) = d, say. The distance 
in the singular metric from z to the singular set S = {u = 0} is 7 _1 (l/2) 7 > d. 
Fix a small number p > and a pre-compact open set W C B 2n \ S with the 
following properties. 

1. W contains the Euclidean ball B(zq, 2p) with centre zo and radius 2p. 

2. d 7 (B 2n \W, B(z ,2p)) > d/2; 

3. For any z G B 2n there is a z' in W with dy(z, z') < 5 = mm(p/(20K i ), d/A). 
Now choose e, Q such that 

• C < P/2; 

• /f 4 (<5o + 2e) + C</VlO; 

• S < d/2 - 4e. 

We can suppose that there is an e-Kahlcr embedding r : W — > Xi such that 
\Fo T(z) — z\ < ( < p/2 for z G W. This implies that F o T maps the boundary 
of B(zo, p) to C n \ {zq}- This boundary map has a well defined degree (defined 
by the action on (2n — l)-dimensional homology) and the degree is 1. Now 
once e is reasonably small it is clear from the definition that the derivative of T 
is invertible at each point and orientation preserving. Then it follows by basic 
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differential topology and complex analysis that for any point z with | z — zo| < p/4 
there is a unique z with |z — ^ol < P such that F o r(z) = z. In particular we 
could take z — z , so we get a zo with \zq — zq\ < p and F o r(z ) = z . What 
we have to show is that the only point x € f2 with i^(a;) = zo is F(zo). 

Suppose then that x € f2 and F(a;) = zq. By (5) and item 3 above we can 
find an x' mT(W) with S(x, x') < 5 a + 2e. Thus \F(x)-F(x')\ < K i {S + 2e). 
Writing x' = F(z') we have \z - z'\ < \z Q - F o F(z')| + \z' — F o T(z')\ < 
K 4 (8 + 2e) + C < p/10. Thus z' lies in B(z ,p) and so d 7 (z',B 2 ™ \ VK) > d/2 
and by (5) again d tt (x', X 4 \ r(W)) > d/2 - 2e. Since 5 < d/2 - 4e we see that 
x itself lies in r(W) so we can take x = x' above and we have x = T(z') with 
F oT(z') — z . Thus \z' — Zo\ < C < P/2 and by the uniqueness statement in 
the previous paragraph we must have z' — S . 

We can use the map F to regard kuii as a metric cj^ on the unit ball B 2n C 
C", with co-ordinates (it, wi, . . . , v n -i)- We also write Di for Fj(OjnZ)j). Let TV^ 
be the (Euclidean) J- neighbourhood of the hyperplane {u = 0}. Let ue U c be the 
Euclidean metric and W( 7 ) be the standard cone metric representing C 7 x C™ -1 . 
To sum up what we know: by making v sufficiently large and then i > i(v) we 
can arrange the following, for fixed C . 

• u>i = idd(f>i where < (pi < C; 

• UJi > C _1 CJEuc; 

• For any (, 5 we can suppose \u>i — W( 7 )| < C outside N$ (and likewise for 
any given number of derivatives). 

2.6 Consequences 

We will work in the co-ordinates (u, Vi, . . . , t> n -i) on the unit ball in C™, as 
above. It is clear that the singular sets Di must lie in the tubular neighbourhood 
Ns. This means that there are well-defined homological intersection numbers 
p, = p,i with a disc transverse to the hyperplane {u = 0}. The singular set is 
given, in this co-ordinate chart by a Weierstrasse polynomial 



where the Aj are holomorphic functions of Vi, . . . , v n -\. (Since the precise size 
of this domain is arbitrary we can always suppose that picture extends to a 
slightly larger region.) 

Proposition 13 We have the identity (1 — 7) = pi(l — fioo)- 

A first consequence of this is that ji does not depend on i. A second con- 
sequence is that there are only a finite number of possibilities for 7; that is 




(19) 



3=0 
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7=1— m(1 — Poo) for /z = 1, . . . , /Umax where ^ max is the largest integer such 
that 1 — fi(l — flao) > 0. So we can write 

Mmax 

V = |J 2V (20) 

Discussion The possible existence of points in D M for /i > 1 is the major 
difficulty in the limit theory for Kahler-Einstcin metrics with cone singularities. 
As we shall see in (3.2), we understand the points in T>i essentially as well as 
the regular points. But one expects that there will be cases when the for 
fi > 1 arise. For e > and /3 > 1/2, cut out two disjoint wedge-shaped regions 
from C with angles 2n(l — (i) and vertices at the points ±e. Then identify the 
boundaries of the resulting space to get a manifold with two cone singularities 
of angle 2nj3. The limit as e tends to has a single singularity with cone angle 
27r(2/3 — 1). This is the model for the simplest way in which points of V 2 can 
appear, but one expects that more complicated phenomena arise. Similarly, 
one should probably be careful in understanding the structure of the sets T>^. 
Let D be the cusp curve with equation u 2 = v 3 in C 2 . Then it seems likely 
that for P > 1/2 there is a Ricci flat Kahler metric on the complement of the 
curve with standard cone singularities of cone angle 2-7T/3 away from the origin, 
so the tangent cones at these points would be Cp x C. It seems then likely (or, 
at least, hard to rule out) that the tangent cone at the origin is C 7 x C with 
7 = (2/3 — 1), i.e. an isolated point of T> 2 . 

To prove Proposition 13, we consider a disc T defined by fixing vj at some 
fixed values close to and constraining |u| < 1/2 say. We can suppose that the 
disc meets Dj transversally in fj, points. Let p be the Ricci form of a)$. 

Lemma 1 LeiHolj eS'cC denote the holonomy of the anti- canonical bundle 
around the boundary ofT. Then 

Hoi, = cxp ^tt^MI - A) + J p)j. (21) 

Choose local complex co-ordinates z\ , . . . , z n in a small neighbourhood of a 
point of T n Di so that Di is defined locally by the equation z\ — and Di 
by z 2 — ■ ■ ■ z n — 0. Let Hol(r) denote the holonomy of the anticanonical line 
bundle around the circle \zi\& = r in T. By the Gauss-Bonnet formula it suffices 
to prove that, for all such intersection points, Hol(r) tends to exp(l — /%) as 
r tends to zero. Let L be the logarithm of the ratio of the volume form of lo 
and |zi|~ 2 ^ times the Euclidean volume element, in these co-ordinates. The 
hypothesis that u>i has a standard cone singularity implies that L is a bounded 
function. Take polar co-ordinates r, 9 on D, with r = |zi|' 3 and 9 the argument 
of z\. Then 

Hol(r) = exp(l - ft exp(J(r)) 
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where 

I(r) = r J ™d0, 

The fact that the Ricci curvature of cj^ is bounded implies, using the Gauss- 
Bonnet formula again, that 

I(n)-I(r 2 )\<C(rj-ri), 

so J(r) has a limit h as r tends to 0. Thus 




LdQ^hr- 1 + o(r~ 1 ), 



and if h is not zero this implies that J LdO is unbounded as r — > which is a 
contradiction. 

Note that the point in the proof of the Lemma is that we can work for a 
fixed i on an arbitrarily small neighbourhood of an intersection point. We are 
not claiming that there is any uniformity in the size of this neighbourhood as i 
varies. 

Making v and i large we can make Hoh as close as we please to the corre- 
sponding holonomy for the metric com, which is exp(27rv / — 1(1 — 7)). On the 
other hand p = fc (1 — A(l — /?j))<D, where k can be made as large as we want 
by making v large. So (using Lemma 1) to establish Proposition 13 it suffices 
to prove that the area of T, in the metric u>i, satisfies a fixed bound. 

Now we use a version of the the well-known Chern-Levine-Nirenbcrg inequal- 
ity. We fix a standard cut-off function G of |w|, equal to 1 when |u| < 1/2 and 
vanishing for \u\ > 3/4. Then 

/ u>i < [ Gu\ = ( iddG(f>i < C [ \iddG\ 

JT J2T J2T J2T 

where 2T has the obvious meaning and we use the bound on the Kahler potential 
Remarks 

1. It may be possible to prove Proposition 13 by adapting the Cheeger- 
Colding "slicing" theory using harmonic functions. But we avoid that 
by using the "holomorphic slicing" as above. 

2. A similar argument, applied to the Chern connection on the line bundle 
L k , shows that in fact the potential "topological obstruction" arising from 
holonomy does not occur. So for points of V we do not need to introduce 
the scale factors ti fV . 

In the next two propositions we study the volume of the divisor Di C B 2n , 
with respect to the metric u>i 
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Proposition 14 There is a universal constant C\ > such that 

_2(n-l) ^ 



Since the Euclidean metric is dominated by a multiple of u>i it suffices to 
get a lower bound on the Euclidean volume. But this is clear. Recall that if 
A is any p-dimensional complex analytic variety in B 2n C C" and if we write 
V(r) for the volume of the intersection of A with the r ball then r~ 2p V(r) is 
an increasing function of r. If the origin lies in A then the limit of this ratio as 
r tends to is an least the volume of the ball in B 2p , so we get a lower bound 
on 7(1). In our case the divisor Di need not pass exactly through the origin 
but it contain a point within the S neighborhood of the origin (in the Euclidean 
metric) so the same argument applies. 

Next let \B 2n denote as usual the ball of radius 1/2. 

Proposition 15 There is a universal constant C2 (depending on n) so that 

~2(n-l) , 
U i ^ C 2- 

(Of course, by adjusting our set-up slightly, we could replace ^B 2n by any given 
sub-domain.) 

The proof uses another variant of the Chern-Levine-Nirenberg argument. 
We fix a sequence of cut-off functions G\,... ,G n -i depending on \v\ (where 
v = (vi, . . . , v n -i)), such that G n _i vanishes when \v\ > 3/4, G\ = 1 when 
\v\ < 1/2 and Gj+i =1 on the support of Gj, for j = 1, . . . , n — 2. Let 

n-1 

6 = V— 1 ^ dvidVi 

3=1 

i.c the Euclidean form pulled up from the C™ -1 factor. Then we can suppose 
that iddGj < CO for some fixed C (since the Gj depend only on v). On 
the other hand it follows from our set-up that, if S is reasonably small, the 
restrictions of Gj to Di are functions of compact support. Now we write 

/ ^r 1 < / G 1 (idd<p i r-\ 

Integrating by parts, the right hand side is bounded by 



C* / <f>&{idd<i>i) r 
JB 2 ™nb, 



'B 2 "nDi 

and we continue in the usual fashion to exchange factors of idd<j>i for factors of 
O. After (n — 1) steps we get a bound in terms of 

J £>in{\v\<3/i} 
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which is exactly \i times the volume of the 3/4-ball in C™ _1 . 

All of the discussion above is local and applies just as well to scaled limits 
Z', in the manner described in (2.5) above. 

2.7 Lower bound on densities 

Let | |* denote the norm on C q 

\(yi,---,y q )\* =max| % |. 

3 

Proposition 16 Suppose that p is a point in a scaled limit space Z' which is a 
based limit of (X^a^) for integers di. Let di be distance functions as usual. 
Suppose that there is a neighbourhood N C Z' of p such that for all p' in N 
there is at least one good tangent cone to Z' at p' . Then we can find C and 
Pi > 92 > and q such that the following is true. For large enough i there is 
a holomorphic map F : fli — > C q where fli C Xi is an open set containing the 
points ielj with di(p,x) < pi and 

• |VFj| < C (where the norm is computed using the scaled metric aitoi); 

• For points x with di(p,x) — pi we have \Fi(x)\* > 1/2; 

• For points x with di(p,x) < p 2 we have \F i (x)\ t: < 1/100. 

We apply Proposition 11 to find k, R and a holomorphic section s of L kai — > 
X l (for large i) such that ||s(x)| - exp(-cP/4)| < 1/100 if d < R and \s(x)\ < 
1/100 \id>R. Here d = Vkd l (p,x). We can take k arbitrarily large so there 
is no loss in supposing that all points in Z' a distance less than 2fc -1 / 2 from p 
have good tangent cones. There is also no loss of generality (multiplying by a 
factor slightly larger than 1 if necessary) in supposing that there is some fixed 
to > such that \s\ > 1 at points where d < to- 

Let t + , t_ be the fixed numbers such that 

exp(-4/4) = 1/2 =f 1/100, 

so t+ > t-. Let A C Z' be the closed annulus of points distance between 
t-,t+ from p. Since t± < 2, each point p' of A has some good tangent cone. 
Applying Proposition 11 we can find some integer l(p') > 10 and a number 
R{p') such that for all sufficiently large i there is a holomorphic section oy of 
jjdiv ) a i w hich obeys just the same estimates as above but with d = \Jkl(p')di. 
(That is, having fixed k we can replace L by L k and then apply Proposition 
11.) By compactness of A we can find a finite collection p'j for j = l,...,q 

such that the balls of radii rj = ^± ^Jkl(pj) with these centres cover A. Now 

define Fi, mapping into C q , to be the function with components a p r/s L ^ p j\ Let 

pi = k~ x / 2 t + . Then for points x with di{x,p) < pi we have \s(x)\ > 1/2 so Fi is 
well-defined at such points and satisfies a C 1 bound. For sufficiently large i, for 
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any point x with di(x,p) = pi there is some j such that di(x,p'j) < -^y kl(p'j) 
and this means that \a p > \ > 1/2. Thus for such a point 

|*i(aOL > V2, 

since it is clear that |s| < 1 at such points. Let P2 = fc _1 / 2 t so at points x 
with d(x,p) < P2 we have |s(x)| > 1. By our choice that lj > 10 it is clear that 
W P >. (x)\ < 1/100 for each j. Thus at such points 

|-Fi(:c)|. < 1/100. 
For a point and r > define the density function 

V(x, r) = r 2 - 2n Vo\(D t n B r (x)), (22) 
where of course the volume is computed using u>i . 

Proposition 17 There is a constant c > such that for all i, all points x e 
Di C Xi and all r < 1 we /iGwe F(x, r) > c. 

The proof is by contradiction, so suppose we have sequences x, € Di and < 1 
such that V(xi,ri) — > 0. Rescale by factors r" 1 and take the based limit space 
(Z',p). We claim first that every tangent cone to Z' at a point z in Z' of 
distance strictly less than 1 from p is good. In fact we claim that if C(Y) is 
such a tangent cone at z then T>(Y) is empty. Given this the assertion that the 
tangent cone is good follows from Proposition 5. 

Suppose that there is some y <E T>y ■ The tangent cone C(Y) is itself a scaled 
limit of the Xi, for a suitable choice of scalings and base points. Thus we can 
apply Proposition 14. It follows that there is some definite lower bound on the 
volume of the singular set Di in the unit ball centred at x, (for the re-scaled 
metric), contradicting our assumption. 

Thus we can apply Proposition 16 to construct holomorphic maps Fi : Bi — > 
C q where Bi C Xi is the set of points of (scaled) distance at most p\ from 
p. Fix h > such that the /i-neighbourhood of the set {\y\* < 1/100} in C q 
lies in the set {\y\* < 1/2}. Pick a point x £ Di with di(x,p) < p2 (which is 
possible for large i by the definition of Gromov-Hausdorff convergence) and set 
y = Fi(x) so < 1/100. The fibre F^ 1 (y) cannot meet the boundary of Bi 
and so is a compact analytic subset. Since, as in the proof of Proposition 12, 
the line bundle L k is trivial over Bi we see that the fibre is a finite set. It follows 
that the image Fi{D{) is an (n — l)-dimensional analytic set. More precisely the 
intersection with the ball of radius h centred at y is a closed (n— l)-dimensional 
analytic set and so its volume is bounded below, by the discussion in the proof 
of Proposition 14. The bound on the derivative of Fi gives a lower bound on 
the volume of Di n Bi and since p\ < 1 this yields a lower bound on the volume 
of Di in the unit ball centred at Xj, for large i. This gives our contradiction. 

Discussion 
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The construction in Proposition 16 can be refined to show that maps like Fi 
can be chosen to be embeddings. It is also possible to pass to a limit as i — > oo, 
and thus get a local complex analytic model for the scaled limit space Z' . It is 
interesting to understand the algebro-geometric meaning of these. But here we 
have just constructed what we need for our present purposes, and leave further 
developments for the future. 

2.8 Good tangent cones 

We consider a general scaled limit Z' = \im(Xi,aiU>i) as above. We define a 
variant of the density function; for z G Z' and p > 

V(i, z, p) = p 2 - 2n Vo\{x G A C X t : di(x, z) < p}, (23) 

where the volume is computed using the metric <2j£Jj. 

Proposition 18 There is a d > such that for all z G D(Z') and all p > we 

have 

liminf V(i, z, p) > c. 

i 

This follows easily from Proposition 17. 
Now in the other direction we have 

Proposition 19 For any z in Z' which is not in S^^Z') there is a p > such 
that V(i, z, p) is bounded. 

This follows immediately from Proposition 15. 

The proof of Theorem 3 is a little complicated. For purposes of exposition 
we will first prove a different but very similar result. 

Proposition 20 Let Z' be a limit space as above and let K be a compact subset 
of Z' . Then S(Z') (~l K has capacity zero. 

The proof has seven steps. 

Step 1 By the Hausdorff dimension property we can find a countable col- 
lection B^ of open balls of radius r M with ^ f^™ -3 arbitrarily small which cover 
S2 H K. We can suppose that the (l/10)-sized balls with the same centres are 
disjoint. Let U = [j so U is open. 

Step 2 Let J = K n (Z 1 \ U). Thus J is a compact set and no point of J 
lies in S%. Thus we can apply Proposition 19 at each point of J. Taking a finite 
covering we arrive at an open set W such that J C W and a p > such that 
the (2n-2)-volume of the intersection of Di with the p-neighbourhood of W is 
bounded by a fixed constant, for all i. 

Step 3 The set K n (Z' \ W) is compact and contained in [j^B^. Thus 
we can find a finite sub cover, say by the B^ for p < M . Then we can use the 
method of [llj to construct a function gi, equal to 1 on Uu<m supported 
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in a slightly larger set and with L 2 norm of the derivative small. (Note that the 
point here is that the construction of [II] will not work for infinite covers.) 

Step 4 Now let T be the intersection of the closure of V with W PI K. We 
want to show that T has finite Minkowski measure. So we need to show that 
there is an M > such that for any e > we can cover T by at most Me 2 "" 2 
balls of radius e. We may suppose that e < p where p is as in Step 2 above. By 
a standard argument we find a cover by e- balls such that the half-size balls are 
disjoint. Then the estimate on the number of balls follows from the upper and 
lower volume bounds for the Di (Propositions 18,19). 

Step 5 By Proposition 1 we can construct a cut-off gi with L 2 norm of the 
derivative small, equal to 1 on an open neighbourhood N of T and supported 
in a somewhat larger (but arbitrarily small) neighbourhood. 

Step 6 Now 51 +52 is > 1 on the open set N + = NU Uu<m Let ^ be a 
point of (S\ Sa) H K. Then if x g W we have x e T so x e AT. If x is not in IF 
then a; is in Uu<m ^m- either way, x is in N + . Write E for the intersection 
of S n K with Z \ N + . Then E is compact and, by the previous sentence, is 
contained in S2. Thus E has Hausdorff codimension > 2. As before, we can 
construct a cut-off (73 for E supported on a an arbitrarily small neighbourhod 
of E and with derivative arbitrarily small in L 2 . 

Step 7 Now gi + g<i +.93 is > 1 on all points of SDK. We choose a function 
F(t) with F(0) = and with F(t) = 1 if t > 0.9. Then set g = F(gt +g 2 + 53). 

Now we give the proof of Theorem 3, which is a variant of that above. Fix 
small S > and let / be the interval [1 — 6, 1 + S] . Consider Fx/as embedded 
in the cone C(Y) in the obvious way and identify Y with Y x {1}. To begin 
with we work on Y so we cover S(Y) by balls C F as in Step 1 above and 
let U = U p Bfj, C Y. As in Step 2, we find an open set W containing Y\U 
and a p > such that the volume of Di in the ^-neighbourhood of W x I is 
bounded. Then we find a finite set of balls B^ which cover C(Y) \ W. We 
construct a cut-off g\ on Y using this finite set of balls as in Step 3. Let T be 
the intersection of the closure of S(Y) \ S2 (Y) with W. We want to show that 
the volume of the e-neighbourhood of T is 0(e 2 ). But in an obvious way this 
volume is controlled by the volume of the e-neighbourhood of T x I in C(Y) for 
which we can argue as in Step 4 above. Then we construct a cut-off <?2 on Y 
and the last steps are just the same as above. 

3 Proofs of Theorems 1 and 2 
3.1 Global structure 

We want to define a notion of the complex structure on Z being smooth in a 
neighbourhood of a point. We adopt a rather complicated definition, which is 
tailored to our needs. Given p € Z, say the complex structure near p is smooth 
if the following is true. There is a neighbourhood fioo of p which is the limit of 
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open sets f2j C Xi and for some k = k(p) there are sections cr^o, • • • ,0^1-1 of 
L k — > Xi with the properties below. 

1. The <Tij satisfy a fixed L°° bound. 

2- Wi,o\ > c > on fli for some fixed c. 

3. The holomorphic maps F, : Qj — > C" given by (Xj^/cr^o are homeomor- 
phisms from f2i onto F 2 ™ C C™, satisfying a fixed Lipschitz bound. 

4. The limit F^ : — > F 2n is also a homeomorphism. 

5. There arc holomorphic functions Pj on B 2n such that (in a smaller domain) 
the divisor Fi(Di) is defined by the equation Pi = and the Pi converge 
to a function Poo, not identically zero, as i tends to oo. 

Let Zq C Z be the set of points around which the complex structure is smooth. 
By the nature of the definition this set is open in Z. 

Proposition 21 All points ofDUR lie in Z n . 

It follows that the complement Z \ Zq is a closed set of Hausdorff codimension 
at least 4. This implies in particular that Zq is connected. 

The essential content of Proposition 21 is that V is contained in Z . The 
proof for R is similar but easier. So suppose p € T> and go back to the discussion 
in (2.5). We have holomorphic equivalences 

Fi : fli -> B 2n 

where Oj C Xi lies between B$(p, 2) and -B"(p, 1) and these maps satisfy a fixed 
Lipschitz bound. It follows that we can pass to the limit to get a Lipschitz map 
Fqo from a neighbourhood fioo of p in Z to B 2n . The difficulty is that while we 
know the Fj are injective we do not yet know the same for Fqq . 

Proposition 22 The map Foo : ^oo — > F 2n is o homeomorphism. 

The essential thing is to show that the map is injective. So suppose we have dis- 
tinct ije f^oo with Foo(a;) = F oa (y). Choose sequences in Xj converging 
to x, y. Recall that we have locally non- vanishing sections s of L k — > Xj. Taking 
a subsequence, and possibly interchanging x, y there is no loss in assuming that 
|s(a;i)| > l s (2/0l f° r au " Applying Proposition 8 we can find some large m 
such that there is for each large i a section r of L m,£ such that |r(a;j)| = 1 and 
\T{yi)\ < 1/2 (say). Now set 

Then by construction 1/(^)1 > 2\f{yi)\ and |/(xi)| > c > for some fixed c 
(depending on to). Now consider the maps (Fi, fi) : Hi — > F 2 ™ x C. On the 
one hand these satisfy a Lipschitz bound so we can pass to the limit and get a 
map (Foc/oo) from 0^ to F 2 ™ x C which separates x,y, by construction. On 
the other hand for finite i the image of (Fi, fi) is the graph of a holomorphic 
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function hi on B 2n . The hi satisfy a fixed L°° bound so (taking a subsequence) 
we can suppose they converge to hoo. Clearly the image of (-Focffoo) is the 
graph of /ioo, which contradicts the fact that (-Fqoj/oo) separates x, y. 

Proposition 22 now follows easily. For each i the divisor is defined by a 
Weierstrass polynomial (19) and it is clear that (taking a subsequence) these 
have a nontrivial limit. 

Remark One can give a different proof of Proposition 22 using the Kahlcr- 
Einstein equations, similar to Proposition 2.5 in [5]. We will give a version of 
this argument in the sequel. The advantage of the proof given is that it does not 
use the Kahler-Einstein equations and potentially extends to other situations. 

Given this background we can proceed, following the arguments in to 
analyse the global structure of Z. 

• The arguments in go over without any change to show that there 
is some large m with the following effect. Use the L 2 norm to define 
a metric on H°(Xi, L m ) and pick an orthonormal basis. Then we get 
projective embeddings Ti : Xi — > CP N , canonically defined up to unitary 
transformations. The images converge to a normal variety W C CP N 
and there is a Lipschitz homeomorphism h : Z — >■ W compatible with the 
Gromov-Hausdorff convergence, in the sense made precise in [llj . 

• Likewise the set Zq C Z maps under h to the smooth part of W. This 
is clear from the definition of Zq. (More precisely, that definition shows 
that a neighbourhood of p S Zq is embedded smoothly in projective space 
by sections of L k<J) \ But once we know that the images of Z stabilise for 
large k we can take a fixed power m.) 

• It is also clear that h(Z ) is exactly equal to the smooth part of W. 

• Taking a subsequence, we can suppose that the Tj(Dj) converge to an n — 1 
dimensional algebraic cycle A = v °.^-a in CP*. The fact that W is 
normal implies that the intersection of each A Q with the singular set of 
W is a proper algebraic subset of A a . Then A is a Weil divisor in W . 

• Since the volume of the Di is a fixed number the lower bound on densities 
(Proposition 17) implies a fixed bound on the Minkowski measure m(Di). 
Then, as in the discussion at the end of (2.1), we get (after perhaps passing 
to a subsequence) a limit set C Z which is a closed set with m{D OQ ) < 
M. Thus -Dqo has finite codimension 2 Hausdorff measure. 

• We have V C £>oo C S(Z). This is clear from the discussion in (2.2). 

• The homeomorphism h : Z — > W maps onto suppA. This follows 
from the compatability between the algebraic and Gromov-Hausdorff con- 
vergence. 
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• The complement S2 = S \ T> has Hausdorff dimension at most 2n — 4. 
Thus the same is true for \ V. The Lipschitz property of h implies 
that supp A \ h(D) has Hausdorff dimension at most 2n — 4. In particular 
h(D) is dense in suppA. 

All of the above discussion would apply equally well (with suitable hypothe- 
ses) in a more general situation where L is not equal to the anti-canonical 
bundle. We will now develop results specific to the "Fano case", which is our 
concern in this paper. For simplicity we assume that A = 1. (The general case 
would be exactly the same, since we can take k to run through multiples of the 
fixed number A.) 

For each i, the divisor Di C Xi is defined by a section Sj of K _1 . We have a 
hermitian metric hi on L = K _1 . The Kahler-Einstein equation takes the form 

wJ^OSiA^-W* (24) 

and we can normalise so that the L 2 norm of Si (defined using the metric hi) 
is 1. Then from (7) we get a fixed upper bound on the L°° norm of Si. 

Now consider the situation around a point of Zq in the charts fli occurring 
in the definition. We have local co-ordinates z a and a Kahlcr potential cf>i = 
fc" 1 log |cr 0j i| 2 which is bounded above and below. Let = dz\ . . . dz n . We can 
write ao,i = V i k <d^ k , Si = UiPiO^ 1 where Ui, Vi are non- vanishing holomorphic 
functions on the ball, and Pi is the given local defining function for Di. Then 
the equation becomes (dropping the index i) 

det(<^) = \UP\ 2p - 2 \V\- 2p e-^. (25) 



Proposition 23 In such co-ordinates there is C, independent of i, such that 
on a fixed interior ball C~ x < |J7,|, \ Vi\ < C. 

Consider fi > 0, an open set G in B 2n and the integral 




The L°° bound on Si gives an upper bound on I^^g, independent of i. On the 
other hand the normalisation || *S*i || z,^ = I and an analytic continuation argument 
show that, for any ^, G, the integral i^c has a strictly positive lower bound, 
independent of i. Now, using the Kahler-Einstein equation, we can write 

J„ iG = / \PU\ 2p+2 i , - 2 \V\- 2p - 2 i i e-^ + ^QA'S, 
Jg 

where again we temporarily drop the index i. First take \i = 1 — 0. Then the 
integral becomes 
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Since <j> is bounded above and below this is equivalent to the integral of | V| — 2 , 
with respect to the Euclidean measure. Begin by taking G to be the whole unit 
ball. Thus we have an L 2 bound on the holomorphic function / = V~ x over 
the ball which gives an L°° bound |/| < C over an interior ball. We claim that 
on the other hand we must have some lower bound |/| > C^ 1 over an interior 
ball, say (l/A)B 2n . To see this we argue by contradiction: if not there is a 
violating sequence fj with points Zj <G (l/4)P 2n such that \fj(zj)\ — > 0. Taking 
a subsequence, we can suppose that the Zj have limit z and the fj converge to 
a limit /oo in C°° on compact subset of B 2n . We must have /oo(^oo) = 0. If 
fco is not identically zero then, by basic complex analysis, we get a nearby zero 
of fj for large j in contradiction to our hypothesis. On the other we know that 
the integral of \fj\ 2 over a small ball centred at Zoo has a strictly positive lower 
bound, so the limit cannot be identically zero. 

This argument gives the required upper and lower bounds on |V|. Now take 
fj, = 2 — /3. Then I^q is equivalent to the integral over G of |[/| 2 |P| 2 . Re-instate 
the index i so P = Pi which have non-trivial limit Poo . Away from the zero set 
of Pqo we can apply the argument above to get upper and lower bounds on \Ui\, 
for large i. Then we can extend these over the zero set by applying the Cauchy 
integral formula to the restrictions of Ui, Uf 1 to suitable small discs. 

Given Proposition 23, we can pass to the limit i = oo (working over a slightly 
smaller ball). The upper and lower bounds on \Ui\, \ Vi\ mean that we can take 
limits and get holomorphic functions [Zoo,^ with the same bounds. Then 
t^ooPooB is a local section of defining the divisor A. While this is a local 
discussion the local sections obviously glue together to define a global section 
S x of which defines A (in the sense that A is the closure of the zero set 
of Soo over the smooth part of W, as discussed in Section 1). 
Now to see that (W, (1 - / 3 OG )A) is KLT we write 

(SASy 1 = {aAa)- 1/m \a\ 2/m \S\- 2 . 

(Here we drop the subscript oo.) So the Kahler-Einstein equation gives 

{a ha)- 1 ^' 2 =L0 n \a\- 2 / m . 

The KLT condition is that the integral over the ball of (a f\a)~ 1 \S\ 2l3 ~ 2 is finite 
but by the identity above this is the integral of u;™|(7|~ 2 / m which is clearly finite 
(since a has no zeros), and the fmiteness of the integral is clear (since \<r\ is 
bounded below). It also follows immediately from the set-up that the limiting 
metric is a weak conical Kahler-Einstein metric, as defined in Section 1. This 
completes the proof of Theorem 1. 

3.2 Smooth limits: Proof of Theorem 2 

We now turn to Theorem 2. Of course what we prove is a local result: if p 
is a smooth point of W and of the divisor A then, near p the limiting metric 
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is a metric with cone singularities along A and cone angle 2^^. Recall from 
the introduction that, for our purposes, this means in the sense of the class 
of metrics defined in |10) . so we briefly review this definition. Work in local 
co-ordinates (u, vx, . . . , v n —x) and let ^>(p) be the standard metric with a cone 
singularity of angle 2-k(3 along u = 0. Let r = | -u | ^ and 9 be the argument of u 
(in the obvious sense). Then we have an orthonormal basis for the (1,1) forms 
(in the model metric W(/3)) 

cAe, t A d/Ui , e A dvi , dvi A d/Uj , 

where e = dr + if3~ 1 rd6. These are well-defined forms on {u ^ 0}, even though 
the co-ordinate 9 is only locally defined. We say that a (1,1) form is in C ,Q,/3 if 
its components in this frame are C' a functions with respect to the metric 
Likewise for a function in C' a '^. We say that a function cf> is in C 2 ' a '^ if cf> and 
iddcf) are in C' a ^ . We say that a metric u> has cone singularities with cone angle 
2tt/3 along {u = 0} if 

• uj is uniformly equivalent to corpy , so 

C -1 !^^) < ui < ClVtm 

for some C; 

• u = + iddcf) where <j> € C 2 ' 01 ' 13 . 



Now go back to the converging sequence of metrics uii on Xi, working in local 
co-ordinates (it, Vi, . . . , w n -i)- There is no loss of generality in supposing that, 
near p each Di is given by u = (since we can always adjust the co-ordinates 
to achieve this, on a small ball). For any angle (3 let wtp) be the standard cone 
metric on C n = Cp x C" -1 , as above. We first establish a uniform bound. 

Proposition 24 There is a constant C such that 

To prove Proposition 24, drop the index i and write /3, = j3 and cDj = w. We 
have u) — iddcf) where < cf> < Co. In the set up of (3.1) the Kahler-Einstein 
equation is 

u n = M^iQpe-^eAe, 

where Q is a holomorphic function on the ball with Cj -1 < \Q\ < C\. (That is, 
Q = U^V-P, in the notation of (3.1) — we can take fractional powers since 
the ball is simply connected.) Here = dudv\ . . . dv n -\. However changing cf> 
by subtracting log \Q\ 2 we can suppose that in fact Q — 1 so our equation 
is 

u n = e-»4), (26) 
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since uj r ^ = \u\ 2/3 2 9 A O. Wc know that to > C 3 Weuo where ojeuc is the 
standard Euclidean metric on C n (by item (3) in the definition at the beginning 
of (3.1)). To establish Proposition 24 it suffices to show that 

w > CTHj). ( 27 ) 

for by (26) the ratio of the volume forms is bounded above and below 

and the lower bound (27) gives an upper bound. 

To prove (27), let h be the square root of the trace of to^ with respect to 

LO, so 

h 2 Lo n =u m Auj n -\ (28) 
We claim that on a smaller ball, say (l/2)£> 2 ™, we have an integral bound 

h 2 uj n < C 5 . (29) 

(1/2)5^ 

This follows from the Chern-Levine-Nirenberg argument. Let x be a standard 
function of compact support on B 2n equal to 1 on (3/4) i? 2 ™, say. Then we have 
idd\ < C 6 w E uc < C 3 C e uj( f3 y Then 



J(3/4)B 2 " Jb 2 " 



/(3/4)B=»« 

Integrating by parts, the right hand side is 



which is bounded by 



/ <f>(iddx)u>{,w n - 

C C 6 [ oj 2 u n - 
Jb 2 " 



Just as in Proposition 15 above, we continue with a nested sequence of cut- 
off functions to interchange powers of ujfj,uj and arrive at a bound (29). The 
function h 2 can also be regarded as |V/| 2 where / is the identify map from the 
ball with metric uj to the ball with metric w^p). The fact that ui has positive 
Ricci curvature implies that away from the singular set we have Ah > 0. In fact 
we have 

Ah 2 = A(|V/| 2 ) > 2|VV/| 2 (30) 

where V/ G T(T* ® T) is the identity endomorphism of the tangent bundle 
and the covariant derivative is that formed using lo on one factor and wrp\ on 
the other. This can be seen as an instance of the Chern-Lu inequality, or more 
simply as the Bochner formula, since away from the singular set we can take 
local Euclidean co-ordinates for co^y Using the fact that |VV/| > |V|V/|| we 
get Ah > 0. 
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Lemma 2 The inequality Ah > holds in a weak sense across the singular set. 
That is, for any compactly supported smooth non-negative test function F we 
have 

\vh,VF) <0. (31) 
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It is here that we use the fact that the cone angles match up. This implies, 
by the definition of a cone singularity, that ft is a bounded function on the 
complement of the divisor {u — 0}, say h < M. Thus any given metric uj is 
bounded above and below by some multiples of oj^y Let a be a non- negative 
function of compact support on the intersection of the ball with {« ^ 0}. Then 



Since 



we have 



V(a 2 h).Vh = \W(<jh)\ 2 - h 2 \Va\ 2 . 
J \7(a 2 h).\7h = - J (<7 2 hAh) < 0, 
J \V(ah)\ 2 < / h 2 \\7a\ 2 < M 2 J |Vaf 



By a construction like that in (2.1) we can choose functions aj equal to 1 in 
intersection of the half-ball \B 2n with {\u\ > ej} where Cj — > but with the 
L 2 norm of Vix,- bounded by a fixed constant. (It suffices to do this using the 
model metric ujim since, as we have noted above, the given metric u> is bounded 
above and below by some multiples of oorpy) Taking the limit as j — > oo we see 
that 

/ |Vfe| 2 <oo. 



By obvious arguments, it suffices for our purposes to prove (31) for functions F 
supported in \B 2n . Thus we can suppose that FS7aj is supported in {u < e^} 
and that the L 2 norm of FVaj tends to as j — > oo. Now 

J ajVF.Vh = - J FVaj.Vh- J FajAh < WFVajW^WVh]]^. 

Taking the limit as j — > oo we see that 

VF.Vh < 0. 
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With this Lemma in place we return to the proof of Proposition 24. We 
use the Moser iteration technique, starting with the bound on the integral of 
h 2 and the inequality Ah > to obtain an L°° bound on h. Here of course we 
use the fact that there is a uniform Sobolev inequality for lo. The Euclidean 
ball (l/2)B 2n in our co-ordinates contains the metric ball (in the metric u) of 
radius (2Cz)~ 1 centred at p (since u> > C^cjeuc)- Then Moser iteration gives a 
bound on h over the metric ball of radius {ACz) -1 say. Finally this metric ball 
contains a Euclidean ball of a definite size. This can be seen from the argument 
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of [5] Proposition 2.4. (In fact that argument shows that the identity map from 
(B 2 ",cjeuc) to (B 2n ,ui) satisfies a fixed Holder bound with exponent (3.) This 
completes the proof of Proposition 24. 

To deduce Theorem 2 from Proposition 24 we need some way of improving 
the estimates. In this general area, one approach is to try to estimate higher 
derivatives. For metrics with cone singularities, this was achieved by Brendle [2 
assuming that j3 < 1/2. Another approach in this general area is furnished by 
the Evans-Krylov theory and an analogue of that theory for metrics with cone 
singularities was developed by Calamai and Zheng [3J, assuming that j3 < 2/3. 
A general result of Evans-Krylov type is stated in [13] where two independent 
proofs are given, but at the time of writing we have had difficulty in following 
the one of these proofs that we have, so far, studied in detail. Partly for this 
reason, and partly because it has its own interest, we give a different approach 
(to achieve what we need) below. Our approach is related to ideas of Anderson 
[l a in the standard theory, and we have other results, which apply under slightly 
different hypotheses, using a line of argument closer to Anderson's, and which 
we will give elsewhere. 

Write uj = idd(f> for the limit of oji as i tends to infinity. This is a smooth 
Kahler-Einstein metric outside {u = 0} and is a local representation of the 
metric on the Gromov-Hausdorff limit. Proposition 24 and the C 1 estimate 
(8) imply that <f> satisfies a Lipschitz bound with respect to the standard cone 
metric oj/py 

For e > let T e : C" -> C n be the linear map T e (u,v) = e 1//3 u, e _1 w). 
Suppose €j is any sequence with tj — > and define a sequence of re-scalings 

by 

«U) =e- 2 T £ *H. (32) 

The scaling behaviour of the model implies that we still have uniform upper 
and lower bounds C _1 W( / g) < uj^' < Cujrp\ so (perhaps taking a subsequence) 
we get C°° convergence on compact subsets of {u ^ 0} to a limit uj^°°\ The 
Kahler-Einstein equation satisfied by cj> and the fact that <f> satisfies a Lipschitz 
bound with respect to the ui^ metric implies that (u/°°)) Tl = kuj 7 ^ for some 
constant k > which without loss of generality we can suppose is 1. On the 
other hand the uniform bound of Proposition 24 implies that this limit u/°°) 
represents the metric on a tangent cone to (Z, uS) at the given point p. 

Proposition 25 Suppose uj' is a Kahler metric defined on the complement of 
the divisor {u — 0} in C™ such that 

• The volume form of u) 1 is the same as that of uJtpy, 

• there are uniform bounds 

C _1 W(/9) < oj' < Coj(py, 

• (C ra ,u/) is a metric cone with vertex 0. 
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Then there is a complex linear isomorphism g : C™ — > C™ preserving the sub- 
space {u = 0} such that u>' = g*(ujtm). 

In our context this implies that any tangent cone at a point of A is Cp x 
C™ _1 , in other words all points of A lie in T>\. Conversely it is clear from 
the Weierstrasse representation (19) that at points of T>\ the limiting divisor is 
smooth so we are in the situation considered here. 

The hypothesis that (C rl , oj') is a cone means that there is a radial vector field 
X, initially defined over {u ^ 0}. In the model case of co^ the corresponding 
vector field is 



X(p) = Re ( P 1 ud u + ^ v idvi 



\ »=i / 

We want to show that, after perhaps applying a linear transformation we have 
X = X m . Write 

X = Re ^a a d u + ^ aid v ^j , 

for functions a^. The Kahler condition means that the ai are holomorphic. The 
length of X, computed in the metric co' is equal to the distance to the origin. 
By the uniform upper and lower bounds we get 

n — 1 n—l 

i«r- 2 i«oi 2 + Ei^i 2 < c '(H 2 " + EKi 2 )' ( 33 ) 

i=l i=l 

for another constant C. This implies that for each i > we have 

\(H\ < C"\(u,v)\ 1+ P. 

First, by Ricmann's removal singularities theorem this means that the a, extend 
holomorphically over u = 0. Second, since f3 < 1 this means that the ai are 
linear functions. Also we see (taking u = in (33)) that ao vanishes when u = 0. 
Thus the vector field is defined by an endomorphism A : C" — > C", preserving 
the subspace {u = 0}. Write for the endomorphism corresponding to Xmy 
For r € C consider the vector field Re(rX) and the one parameter group f T 
of holomorphic transformations so generated. Thus f T takes a point of distance 
1 from the origin to a point of distance exp(Re(T)) from the origin. Using the 
equivalence of metrics again, this translates into the statement that there is a 
constant C" such that for all z G C" with \z\ = 1 we have 

(C")" 1 exp(Re(r)) < [exp(r,4)z] < C" exp(Re(r)) (34) 

1 /2 

where [(u, v)] — (u 2 ^ + \v\ 2 ) . Let A be the restriction of A to {u = 0} and 
apply this to an eigenvector v of A . We see that the eigenvalue must be 1. 
Suppose that A n is not the identity. Then we can write A = 1 + N where for 
some k > 1 we have N k ^ but A^ fe+1 = 0. Then 

exp(T^o) = exp(T)(T k N k /k\ + ...), 
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and if we take v so that N k v ^ we see that this violates (34) for large r. So 
A is the identity. Arguing in the same way we see that the there must be an 
eigenvalue of A. So A is conjugate to Arm by a map preserving {u = 0} 
and without loss of generality we can suppose that X = Xipy 

To complete the proof of Proposition 25, we consider the function h defined 
as the square root of the trace of w^) with respect to u/, just as in the proof of 
Proposition 24. This is defined on the complement of the singular set {u = 0} 
and is invariant under the real 1-parameter subgroup generated by X = X^y 
As before we have Ah > 0. Let A be the "annulus" consisting of points z e C n 
with distance (in the metric u/) between 1 and 2 from the origin. Let x be 
a non-negative function on a neighbourhood of A, equal to 1 outside a small 
neighbourhood of {u = 0} and vanishing near to {u = 0}. Then, much as in 
the proof of Lemma 2, 

- f X 2 hAh= f \W( X h)\ 2 -h 2 \W X \ 2 - f x 2 h(Vh.n), 

J A J A JdA 

where n is the unit normal vector to the boundary. The fact that h is invariant 
under the flow of X implies that (Vft.n) = so the boundary term vanishes 
and taking the limit over a sequence of functions x we see that the integral of 
\Wh\ 2 vanishes, so h is a constant. Going back to (30), we see that u> is covariant 
constant with respect to uj^y This easily implies that u> is isometric to cu^ by 
a complex linear transformation. 

An alternative approach to this last part of the proof is to apply the max- 
imum principle to h. The only difficulty is that the maximum might be at- 
tained at a singular point q = (u, 0) with u ^ 0. We can work by induc- 
tion on n so wc suppose we have proved Proposition 25 in lower dimensions. 
If we blow up at this point q, we arrive at a Kahler Ricci flat metric cone 
(C(Y) x C n ^ k ,uj ( f > ) which is quasi isometric to (C^ x C n_1 ,w^). By Cheeger- 
Colding theorem, we know that n — k > 1. The splitting of C n ~ k is represented 
by n — k dimensional complex holomorphic vector field with constant length 
w.r.t. W0. By quasi isometry, this set of holomorphic vector fields is bounded in 
(C/3 x C" -1 ,^). It follows these are constant holomorphic vector fields in C". 
It follows that (C(Y) x C n ^ k ,u^) splits holomorphic and isometrically so that 
(C(y),u;0 \c(Y)) is Ricci flat, quasi-isometry to (C^j x C*^ 1 ,^) in x C fe_1 . 
By induction, we know that (C(Y), lo^ \c(y)) is equivalent to (Cp x C k ~ 1 ,ujp). 
It follows that (C(Y) x C n ~ k ,uj c f > ) is standard. Then (using also the argu- 
ments below) we can prove that u/ is C' a ^ near q. Once wc know this it is 
straightforward to sec that the maximum principle can be applied. 

We now go back to the metrics cot, before taking the limit. For e e (0, 1) let 

Wl , £ = e- 2 T £ *(^). 
We consider this as a metric defined on the unit ball B 2n . 

Proposition 26 Given any Q > we can find e(() such that for e < e(() we 
can find a linear map g t preserving the subspace {u = 0} such that for i > i(e) 
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we have 

(1 - Off e *(w(ft)) < < (1 + 0<7 e >(A)). (35) 

throughout \B 2n . 

The argument is similar to that in the proof of Proposition 24. Let h iit be 
the square root of the trace of W(^) with respect to The uniform Lipschitz 
bound on the Kahler potential and the Kahler-Einstein equation (26) imply that 
the ratio of the volume forms w" e , is within ce of 1, for a fixed constant c. 
Thus if A a are the eigenvalues of W(^) with respect to Ui i€ we have 

hl e =Y,Xa,Y[X a >(l-ce). 

Thus 

> n(l-ce) 1 /™ >n-c'e, 

say, for a suitable fixed d . Set fi tC — hf e — n + de, so fi i€ > and A/j >e > 0. 
Suppose we know that, for some 9, the L 2 norm of fo >e over B 2n is bounded by 
9. Then Moser iteration implies that /j >e < .K"0 over the half-sized ball, for a 
fixed computable if. Thus ^2 X a < n + K9 and A a > 1 — de. It follows by 
elementary arguments that 1 — C^^a<l + C provided that 9, e are sufficiently 
small compared with £. 

The problem then is to show that for any 9 we can make the L 2 norm of /, >e 
less than 9, by taking e small and then i > i(e). Of course to do this we may 
need to apply a linear transformation g f l as in the statement of Proposition 26. 
Clearly it is the same to get the L 2 bound on h 2 e — n. First we work with the 
limiting metric u^, writing in the obvious way. Since h^^ satisfies a fixed 
L°° bound, it suffices to show that as e tends to zero the functions h 2 ^ e — n 
converge to zero uniformly on compact subsets of {u ^ 0}. But this follows from 
Proposition 25 (after applying linear transformations). Now the convergence of 
LOi to Woo, again uniformly on compact subsets of {u ^ 0} gives our result. 

We now move on to complete the proof of Theorem 2. Given any fixed Q > 
we can without loss of generality suppose (by the result above) that over the 
unit ball B 2n our metrics satisfy 

(l-C)wo8 4 )<Wi<(l + C)w(A)- ( 36 ) 

For q £ C 2n and p > write (q, p) for the ball of radius p and centre q, 
in the metric oj^.y 

Lemma 3 There are C, Co > and R > 2 such that, ifui satisfies (36) on B 2n 
with Q — ( a , then if q is any point of B 2n and p is such that B$ i (q, Rp) C B 2n 
then on S^*(g, 2p) we can write uji = u)rp.) + iddip where [ip] a < Cp 2 ~ a . 

Here [ } a denotes the Holder seminorm defined by the metric wtpA, which is of 
course equivalent to that defined by the metric Wj. This Lemma is straightfor- 
ward to prove using the Hormander technique to construct a suitable section of 
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L k — > Xi for an appropriate power k. The power p 2 ~~ a comes from the scaling 
behaviour: that is when the ball B@ i (q, p) is scaled to unit size and the metric 
is scaled the estimate for the rescaled potential i/j becomes [ip) a < C. On the 
other hand the result is local and can probably also be proved by using the 
"weight function" version of the Hormander technique (with any R > 2), or by 
other methods from complex analysis. 

To simplify notation we drop the index i. We want to fix a suitable value 
of £. First, consider the function F(M) = dct M — TrM on the space of n x n 
Hermitian matrices. Since the derivative at the identity vanishes we can for any 
r\ > find a C(»?) such that if M X ,M 2 satisfy (1 - Q < Mi < (1 + C) then 

\F{M 1 ) - F(M 2 )\ < t,\Mx - M 2 \. (37) 

Next we recall the Schauder estimate of [10 ]. This asserts that there is some 
K = K(a,p) such that for all tp <E C 2 ' Q ^(B^(0, 2)) we have 

[i<99V]a,Bf(0,l) < K ([^1p]a,B?(0,2) + [C,B*(0,2)) ■ ( 38 ) 

Here A is the Laplacian of Urp)- More generally, we can choose K — K(a,(3) 
such that for any point q £ C™, radius p > and for ijj € C 2 ' a '^ \B^> '(q, 2p)) we 
have 

[iddil>] a>Bf } iqip) < K ([Ai(j} a B e {q 2p) + p~ 2 W\ a ,Bt(t)(q : 2 P )) ■ (39) 

This follows by a straightforward argument, using (38) (after scaling and trans- 
lation) at points near the singular set and the standard Schauder estimate away 
from the singular set. Furthermore, for any (3 and a < /3 _1 — 1 we can suppose 
that the inequality, with a fixed K, holds for a',/3' sufficiently close to a, /3. 
Now fix £ so that C < Co and 

(R - 2)- a Kr](C) < iT Q /4, (40) 

where Coi-R are as in Lemma 3. For distinct points a;, y in the Euclidean unit 
ball -B, not in the singular set, define 

Q{x,y) = d^x,y)- a \oj(x)-u(y)\ (™in{dp{x,dB),dp(y,dB)) a . (41) 

Here dp denotes the distance in the metric £i>(/3)- The difference lo(x) — ui(y) is 
interpreted in the sense of [10], in that we take the matrix entries with respect 
to a fixed orthonormal frame for the (1,1) forms (in which <jj<m is constant). 
Thus, by definition, 

[uj] a , B = sup (dp(x,y)~ a \uj(x) -u(y)\) , 

where the supremum is taken over distinct points x,y in B. By hypothesis 
this supremum is finite, so we have a finite number M = s\rp x Q{x, y). We 
seek an a priori bound on M. It is not immediate that this supremum is 
attained, but we can certainly choose x, y so that Q(x,y) > M/2. Set d = 
mm(dp(x,dB),dp(y,dB)). If dp{x,y) > d/R then M/2 < R a \uj(x) - u(y)\ 
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and we are done since we have an L°° bound on cu. So we can suppose that 
dp{x,y) < d/R. Let x be the point closest to the boundary and take it to be 
the centre q in Lemma 3, with radius p — d/R. Thus we can apply Lemma 3 to 
write uj = uj^+iddip over B@(x, 2p), with [ip] a < Cp 2 ~ a . Thus by construction 

[iddiP] a ^ {xS > (M/2)d- a = (M/2)(Rp)- a , (42) 

since y lies in B@(x, p). On the other hand if z, w are distinct points in B /3 (x, 2p) 
the inequality Q(z,w) < M implies that 

dp(z, w)\uj{z) - lo{w)\ < ((R - 2)p)- a M, 

since the distance from z, w to the boundary is at least (i? — 2)p. So 

[iddiP] a>BHxt2p) < ((R - 2)p)~ a M. (43) 

Write det for the ratio of the volume forms w™, oj"^. Then (37) implies that 

[det -Aip] a<B f>(x,2p) < v[iddtp] a ,BP(x,2p), 

So 

[Atp] a ,Bf>(x,2p) < v[iddi ; ]a,B?>(x,2p)+[det] at Be(x,2p) < ((i?-2)p) _Q Af?7+[dct] 
Thus by (39) and (42) 

R- a p- a M/2 < [iddi>] atBHx , p) < ((R-2)p)- a KM V +K{det} a ^^ 2p) +Kp- 2 [tP} a ^ { 
and by our choice (R — 2)~ a Kr\ < R~ a /4 we can rearrange to get 
R- a p- a M/A < K[det] atB e (x , 2p) +Kp- 2 [^ BHx ^ 2p) . 
Now, putting in the bound from Lemma 3 and multiplying by p a , we have 
R- a M/A < Kp a [det] a + CK, 

which gives our bound on M. 

To establish Theorem 2 we fix a < fi^} — 1 and apply the above discussion 
to uJi with [i = /3i, so we can take a fixed constant K in the Schauder estimate. 
We see that the limiting metric, as i — > oo, lies in C' a ^°° . 

Remark To prove Theorem 2 we have only had to deal with the points in 
the divisor A, since the other points are covered by arguing as in using a 
version of the Evans-Krylov theory. On the other hand we can also handle these 
latter points by just the same argument used above, not invoking the Evans- 
Krylov theory (from PDE) but applying instead the Cheeger-Colding Theory 
(from Riemannian geometry). 
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